The influence of wall elasticity on the response of a Helmholtz resonator is examined by analyzing the canonical case of a thin elastic spherical shell with a circular aperture subject to plane wave excitation. By neglecting the thickness of the wall and representing the elasticity via a "thin shell" theory the problem is reduced to one of solving an integral equation over the aperture for the polarization velocity, which is related to, but distinct from, the radial particle velocity of the fluid. The integral equation can be solved by asymptotic methods for small apertures, yielding closed-form expressions for the major resonator parameters. In general, wall compliance reduces the resonance frequency in comparison with an identically shaped rigid cavity. The Q value of the resonance is increased and the scattering strength of the cavity at resonance is enhanced by wall compliance. The asymptotic results are supported and supplemented by numerical calculations for thin steel shells in water.
INTRODUCTION
The Helmholtz resonator is characterized by a volume of compressible fluid connected to the exterior via a small opening. The inertia of the fluid entrained in the neighborhood of the opening conspires with the compressibility of the enclosed volume to produce a resonance frequency whose acoustic wavelength may be considerably longer than the maximum dimension of the vessel. This long wavelength or low-frequency nature of the resonance makes the phenomenon quite distinctive, as it tends to accentuate this mode as compared with others at higher frequencies. In most circumstances it is perfectly reasonable to consider the vessel enclosing the resonating fluid as rigid, which is the basis for the successful explanations of Helmholtz and Rayleigh for the resonance phenomenon. • The rigid cavity idealization is certainly adequate in air but may need to be reconsidered if the acoustic fluid is water and the cavity is a thin shell. In this paper we consider the canonical geometry of a spherical elastic resonator with a circular aperture excited by an incident acoustic wave.
The approach taken here is to model the wall of the cavity as a thin shell of negligible thickness across which the normal velocity is continuous but nonzero. The explicit form of the thin shell theory used is of secondary importance, although a specific theory is adopted for numerical computations. The concept of a polarization velocity is used to reduce the scattering problem to one of solving an integral equation for the unknown polarization velocity on the aperture, similar to the problem for the rigid resonator. In fact, the rigid limit is simply obtained from the general theory holtz resonator includes the possibility of singular but integrable velocity fields at the aperture edge. As noted by Ingard, 7 a thorough analysis of the problem should include nonlinear effects and realistic treatments of sharp corners. formulate the scattering problem for a thin elastic cavity of arbitrary shape with a general aperture, which we will do in this section, proceeding to the specific case of interest in the next section. The general method is based upon the use of a polarization velocity across the aperture, which allows us to reduce the issue to an integral equation over the same region. Applications of this approach to other scattering problems in acoustics and elasticity are discussed by Wickham. 8 Letp denote the acoustic pressure in the fluid and w the outward normal velocity on the shell. The pressure satisfies the Helmholtz equation in the fluid, which is assumed to be inviscid and occupying both the interior (r < a) and the exterior (r3 a) of the resonator. Thus, at all points excepting sources, the total pressure satisfies V2p + k 2p = 0, in the fluid, 
I. THE GENERAL
The actual pressure jump across a shell of thickness h is [p(a --h/2,0) -p(a + h/2,0) ]. However, if the acoustic wavelength is much greater than h then it is justifiable to take the limit of h-,0. The present analysis could be developed with the jump for finite values of the shell thickness. However, for simplicity we neglect this effect as a higher order 
We now introduce the velocity polarization, W(O), defined as 
Notice that the matrix M is symmetric. In summary, the main problem is to solve the system of equations (40), which amounts to inverting a truncated version of the symmetric matrix M. We will see below that this becomes relatively simple in the limit of low frequency and small a, for which we need only consider the single term Moo. The singular behavior of the velocity polarization at the mouth edge has been removed by the introduction of the function q(O), which is defined only on the mouth. Once q (0), or equivalently its moments q,, has been obtained, the scattered field due to the mouth follows from (18) 
The radial displacement, both on the mouth and the shell, follows from (18), (20), and (42). Finally, we note that the polarization, which is nonzero only on the mouth and singular at the edges, may be expressed as 
Note that Z • is purely mass-like, all the others are pure stiffnesses. In the following we will not use these specific forms of the shell impedances. The only thing required is that the shell, whatever it may be, has the same low-frequency behavior for its impedances, in that all of them are stiff: ness-like except for the n = 1 impedance, which is mass-like. Also, we are not including any loss terms in the shell in this analysis, so that the shell impedances are purely imaginary with zero real parts. We now make the further assumptions that (1) the mouth opening is small, a • 1, and (2) the resonance is governed by the low-frequency behavior of the single element Moo. This is equivalent to saying that the polarization near resonance is dominated by the first term in its expansion. The accuracy of this assumption is borne out by the numerical results. The exact form of Moo follows from (25) 
an elastic Helmholtz resonator. The volume impedance of the resonator, Zna, contains a stiffness and a mass, but no dissipative term. One could add an internal dissipation to Zna, but we neglect this here, preferring instead to focus on the elasticity effects. The effective compliance, or capacitance, C frequencies of a spherical resonator, a = 0.09 m, h = 10 3 m. From lngard (Ref. 18) . The acoustic speed has been taken as c = 340 with the distribution w = We(COS 0 -cos a)t/2. The theoretical expressions use the well-known formula for the resonance frequency of a rigid cavity ko = x/S /V(h + •5),
where S is the area of the mouth, V the cavity volume, and •5 the "end correction" for the aperture neck. The thickness h is also included here and may be understood as the "neck" length. The numbers in Table I were calculated using Eq. 
It is apparent from Eqs. (77) and (78 ) that both frequencies decrease as •/increases. However, the Helmholtz resonance frequency is always much less than the lowest structural frequency because a/rr • 1 by assumption. Hence, the two resonance phenomena will always be distinct and the answer to the above question is in the negative. These conclusions are consistent with the results of Figs. 6-9, which also show how the Helmholtz resonance disappears as a becomes larger.
Another obvious feature of Figs. 6-9 is the appearance of many sharp structural resonances. The first six or so of these for 1 <ka<2 can be associated with the higher modes of Table II . The other modes for kay2, roughly, do not correspond to either solution branch of (76) but appear to be flexural waves on the shell. This conject.ure is supported by the trend k,, a--m 2 for these frequencies, which one would expect for higher-order standing waves of flexural type. We note that as the mouth size is increased the membrane modes become less significant in comparison with the bending modes. Also, the membrane modes are shifted to higher frequencies, which can be thought of in terms of the "effective" shell becoming smaller. We note that the flexural modes are all subsonic, in fact the coincidence frequency for this shell is at ka > 40. Also, the specular reflection effect, so apparent for the rigid cavity at larger values of a, is missing in Figs. 8 and 9. This is simply explained by the small reflection coefficient for a thin steel plate in water at these frequencies. 
which is similar in its simplicity to the three-dimensional result (71).
